An atomistic full-band quantum transport simulator has been developed to study threedimensional Si nanowire field-effect transistors (FETs) in the presence of electron-phonon scattering. The Non-equilibrium Green's Function (NEGF) formalism is solved in a nearest-neighbor sp 3 d 5 s * tight-binding basis. The scattering self-energies are derived in the self-consistent Born approximation to inelastically couple the full electron and phonon energy spectra. The band dispersion and the eigenmodes of the confined phonons are calculated using a dynamical matrix that includes the bond and the angle deformations of the nanowires. The optimization of the numerical algorithms and the parallelization of the NEGF scheme enable the investigation of nanowire structures with diameters up to 3 nm and lengths over 40 nm. It is found that the reduction of the device drain current, caused by electron-phonon scattering, is more important in the ON-state than in the OFF-state of the transistor. Ballistic transport simulations considerably overestimate the device ON-currents by artificially increasing the charge injection mechanism at the source contact.
I. INTRODUCTION
Semiconductor nanowires (NW) have emerged as potential active components of future integrated circuits beyond the conventional metal-oxide-semiconductor field-effect transistor (MOSFET) technology 1 . Nanowires made of different materials, crystal orientations, cross section shapes, and dimensions have been successfully synthesized opening novel perspectives in both electronics and optoelectronics [2] [3] [4] [5] [6] [7] [8] [9] [10] . As field-effect transistors (FETs), nanowires provide an excellent electrostatic control of the channel due to their one-dimensional transport properties and can therefore operate at lower supply voltages than the traditional MOS- [17] [18] [19] [20] . In these atomistic studies, the diameters of the nanowires do not exceed 1.5 nm, with the notable exception of Ref. 20 , where a more efficient numerical approach 21, 22 has been used, that enables the simulation of devices with diameters up to 10 nm.
Apart from the electron and hole bandstructure and 3-D electrostatic charging effects, the interactions of the free carriers with their environment (impurities, open surfaces, or lattice vibrations) strongly affect the performances of NW FETs. For example, electron-phonon scattering is expected to drastically deteriorate the ON-current of devices with diameters below 5 nm 10 . Modeling such many-body, inelastic interaction phenomena at a quantum mechanical level is computationally very challenging. The Non-equilibrium Green's Function Formalism (NEGF) [23] [24] [25] [26] has established itself as a theoretically well established approach to account for electron-phonon scattering in device simulations. Due to the complexity of the physical models, the 3-D simulators that include dissipative scattering are based on the effective mass approximation (no atomistic representation) and decouple the current transport direction from the transverse directions of confinement (mode-space approach reducing transport to a 1-D problem) [27] [28] [29] [30] [31] .
There have been some attempts to include both a multi-band tight-binding model and electron-phonon scattering into a single device simulator using the NEGF formalism, but they have been restricted to one-dimensional (1-D) structures only, like resonant tunneling diodes 32, 33 and quantum well solar cells 34 or to molecules composed of very few atoms, typically less than 20 [35] [36] [37] . Finally, alternative methods to NEGF have been considered to treat electron-phonon scattering in ultrascaled NW FETs like the Pauli Master Equation
38
and a modified Monte-Carlo approach 39 .
In this paper, a 3-D, atomistic simulation approach that combines a full-band model and electron-phonon scattering in the self-consistent Born approximation is presented. The nearest-neighbor sp 3 d 5 s * tight-binding method and the NEGF formalism are used together to simulate quantum transport in Si nanowire FETs. The electron-phonon interaction is calculated directly from the tight-binding Hamiltonian and from the band dispersion and the eigenmodes of the phonons confined in the nanowire structures. Despite the heavy computational burden of this atomistic approach, circular gate-all-around NW FETs longer than 40 nm, with diameters up to 3 nm, and composed of more than 14,000 atoms are considered. The availability of large supercomputers and the efficient parallelization of the different tasks are essential to reach these dimensions that no other full-band simulator, even ballistic, has been able to treat so far 40 . The degradation of the ON-current due to electron-phonon scattering in Si NW FETs with diameters of 2, 2.5 and 3 nm is investigated as an application.
The paper is organized as follows: in Section II, the simulation approach is introduced, from the rigorous calculation of the electron-phonon self-energies and of the Green's Functions to the necessary simplifications and approximations to keep the computational burden 
The indices l, m, and n refer to the atomic positions R l , R m , and R n , respectively. The matrices E (diagonal, injection energy), E n (diagonal, on-site energy), V(R n ) (diagonal, self-consistent electrostatic potential at position R n ), H nl (nearest-neighbor coupling between atom n and l), Σ B nl (E) (boundary self-energy, different from 0 only if atoms n and l are directly connected to the semi-infinite device contacts, computed as in Ref. 21 ), Σ S nl (E) (scattering self-energy between atoms n and l), and G nm (E) (Green's Functions between atoms n and l) are of size t B × t B , where t B is the number of orbitals of the tight-binding model. The formulation is general for electron and hole transport. In this work, a sp 3 d 5 s * basis without spin-orbit coupling is used to describe Si 50 so that t B =10. The relatively small split-off energy of Si (∆ 0 =45 meV) justifies the neglection of spin-orbit coupling when only electron transport is considered as here. Each atom composing the simulation domain is treated individually. In Eq. 3, P denotes the Cauchy principal integral value. The definition and interpretation of the on-site energy E n and nearest-neighbor coupling matrix H nl can be found in Ref. [48] [49] [50] .
The nearest-neighbor connection H nl depends on the relative position of the atoms n and l, i. e. it is a function of R l -R n . If lattice vibrations are neglected, the positions of the atoms are fixed and time-independent, so that R n (t)=R 0 n . When the lattice starts to vibrate the atoms oscillate around their equilibrium position R 0 n with an amplitude µ n (t) and
This implies that H nl becomes a function of (R
) and that it can be expanded around its equilibrium position to lowest order in (µ l (t)-µ n (t))
The index i runs over the x, y, and z directions. In Eq. 6 the lattice vibrations are approximated as harmonic oscillations. The second, time-dependent term in Eq. 6 is assumed much smaller than H 0 nl and is treated in a perturbative way, leading to the electron-phonon scattering self-energies [35] [36] [37] .
In the second quantization picture the harmonic oscillations µ i l (t) are given by 43, 44 
where the indices λ and q depict the oscillator mode and wave vector, respectively, M l is the mass of the atom at position R l , while the operator a † λ (−q, t) (a λ (q, t))) creates (annihilates) a phonon in mode λ and momentum q. The normalized atomic displacement f i λ (R l , q) and the phonon frequency ω λ (q) are calculated from the following harmonic oscillator eigenvalue
The dynamical matrix Φ ij nm (q) depends on the geometry of the device structure and determines the nature of the phonons (bulk, 1-D, 2-D, or 3-D confined phonons).
Starting from the definition of the electron-phonon Hamiltonian in Eq. 6 and using functional derivatives [45] [46] [47] the general form of the two-time-dependent electron-phonon self-energy Σ e−ph nm (tt ′ ) in the self-consistent Born approximation is obtained as
The phonon Green's Function D λ (q; tt ′ ) is defined as in Ref. 44 . To derive Eq. 9 the property 
where N λ (q) is the Bose distribution of the phonons with frequency ω λ (q). In 3-D simulation domains, Eq. 1 to 4 and 11 cannot be directly solved and require further approximations. In a small nanowire structure with N A =10,000 atoms, the total size of the Green's Function and of the self-energy matrices is N A × t B =100,000 in the sp 3 d 5 s * tight-binding model without spin-orbit coupling. Inverting, factorizing, and multiplying such full matrices for multiple energies goes beyond the capabilities of currently available supercomputers.
B. Simplifications and Approximations
To investigate realistic nanowire structures with electron-phonon scattering some simplifications and/or approximations have to be considered in the calculation of the Green's Functions, the self-energies, and the dispersion relation of phonons.
The dynamical matrix Φ ij nm (q) in Eq. 8 is based on a modified Keating model including four terms (bond stretching, bond bending, angle-angle, and bond-bond interactions) 52 .
This model uses four material constants that are optimized to accurately reproduce the bulk phonon dispersion of different semiconductors like Si or Ge. The original bulk formalism has been first verified and then extended to calculate the confined phonon modes of nanowires, similarly to Ref. 53, 54 , automatically accounting for the acoustic and the optical phonon branches. For that purpose, the nanowire structure is assumed to be infinite and composed of identical unit cells. The 3-D wave vector q reduces to its single x-component q aligned with the NW transport direction. As a second approximation, the environment of the nanowires (dielectric layers, substrate, metallic gate) is omitted in the computation of the phonon bandstructure and eigenmodes. The surface atoms are therefore free to move. Discussions about the influence of the boundary conditions on the calculation of the phonon spectra can be found in Ref. [53] [54] [55] .
To minimize the required memory to store the Green's Functions and the self-energies as well as to reduce the computational burden, the Σ with respect to the influence on phase and momentum relaxation 56 . To compensate the missing self-energy terms, the magnitude of the matrix elements M λ nm (q) can be artificially increased 57 . This has not been tested in this study and it can only be speculated that scattering is underestimated.
To avoid the calculation of several off-diagonal blocks G nm and to ensure current conservation in the diagonal self-energy approximation, Eq. 11 is simplified to
The position index l runs over all the nearest-neighbors of the atom located at R n , generally four atoms, except at the nanowire surface. A combination like
where l 1 and l 2 are two different nearest-neighbors of n is technically possible, but it would break current conservation if a self-energy of the form Σ l 1 l 2 (E) (off-site connection) does not exist.
However, for computational reasons such self-energies are neglected as mentioned above.
While the electron-phonon interaction has been made local in space in Eq. 12, it remains non-local (inelastic) in energy, one energy E being coupled to many other energies E ′ =E ± ω λ (q). In a typical nanowire structure, the number of phonon modes λ exceeds one hundred and the phonon 1-D Brillouin Zone needs to be described by about 50 q points. Hence, one energy point is connected to at least 2*100*50=10,000 other points (the factor 2 comes from the plus and minus sign in ± ω λ (q)). This results in several numerical problems. First, this number is larger than the total number of points in the energy grid (N E =1,500 to 2,000). Secondly, since the energy points are distributed over many CPUs (see Appendix A), too much inter-processor communication would be required to exchange massive Green's Function data, which is not recommended in parallel computing. An approximate solution to this problem has been developed and implemented. If the sum over the phonon momentum vector q is replaced by an integration over the phonon 1-D Brillouin Zone (BZ) of length L BZ , the schematic form of the electron-phonon self-energy is given by
The coupling strength factor V ij nlln (ω λ (q)) has been introduced to clarify the notation, but the multiple energy connections remain. To reduce them, it is assumed that the lesser and greater Green's Functions G ≷ ll (E) slowly vary over a small energy range E − ∆ E ≤ E ≤ E + ∆ E in the presence of electron-phonon scattering. This is the case for most of the energy points.
Then the sum over λ and the integration over q are replaced by a sum over the phonon
The sum over λ and q does not completely disappear, but it is moved into the coupling factor V ij nlln (ω P H ) that is pre-computed at the beginning of any new simulation. It has been numerically verified that a value ∆ E =1 meV is small enough to ensure accurate results and that increasing the number of ω P H points, i.e. decreasing the value of ∆ E below 1 meV, does not significantly change the results any more, but slows down the computation time. Values of ∆ E comprised between 0.25 and 2 meV have been tested resulting in a variation of the device current by less than 5%. In Si the largest phonon energy amounts to approximately 60 meV so that the sum over ω P H can be restricted to 2*30 points instead of 10,000 if ∆ E =1 meV is assumed.
In Eq. 3, the retarded self-energy Σ R nn (E) is composed of two parts, the second one requiring the evaluation of a Cauchy principal integral coupling all the energies together.
For the same computational reasons as above, this integral term cannot be calculated and it is therefore neglected in this paper. Previous studies have showed that this simplification does not introduce significant errors in the calculation of the device current 28, 58 . As a future improvement, the retarded self-energy Σ R nn (E) will be derived directly from Eq. 9 following the same procedure as for the lesser and greater Σ ≷ nn (E) terms. Finally, the nearest-neighbor matrix elements of the Slater-Koster Especially, in a two-terminal device (source and drain), current conservation implies that the current that enters the simulation domain at a port B 1 is the same as the current that leaves the structure at the other port B 2
The current I d (B) is the current at the terminal B ∈(source,drain), the position indices n and m run over all the atoms directly connected to the semi-infinite device contact B, while the criterion for the current density is satisfied too.
III. RESULTS
The structure of the Si gate-all-around (GAA) nanowire field-effect transistors considered in this work is depicted in Fig. 1 . The diameter of the NWs is varied from 2 to 3 nm, the gate length L g is set to 15 nm, while the n-doped (N D =1e20 cm The density-of-states (DOS) g(E) of the phonon modes confined in the free-standing Si nanowire with d=2.5 nm is reported in Fig. 2 . The inset represents the lowest acoustic bands of the phonon dispersion E P H (q) used to calculate g(E)
where V uc is the volume of a nanowire unit cell. The phonon DOS exhibits several peaks, especially around E=15-16 meV and around E=58-59 meV which is the energy of the optical phonons in bulk Si. This means that the electron-phonon interaction around these energies is stronger and the probability for an electron or hole to absorb or emit a phonon with these energies is higher.
The transfer characteristics I d − V gs at V ds =0.6 V of Si GAA NW FETs with diameters d=2, 2.5, and 3 nm are shown in Fig. 3 is also given on the right y-axis. It varies by less than 4% from V ds =0.05 V to V ds =0.6 V.
From Fig. 3 to 7 , three common characteristics shared by all the device are identified, (i) the ballistic current is larger than the current with scattering, (ii) the difference between the two currents becomes larger at high V gs , and (iii) the inclusion of scattering helps the convergence of the Poisson equation up to higher V gs . Each of these points is detailed below.
Electron-phonon scattering modifies the electrostatic potential of the NW FETs as illustrated in Fig. 8 . In the source extension (0≤ x ≤15), the total number of electrons n tot is composed of forwards (n F ) and backwards (n B ) moving charges. The forward moving charges are those injected at the source contact while the backward moving charges are those reflected back to the source contact or coming from the drain contact. At low gate biases (V gs ) n F and n B have almost the same magnitude, the doping concentration N D divided by 2, most of the injected electrons being reflected at the source-to-drain potential barrier (→ n B =n F ), and charge neutrality being imposed by Poisson equation (→ n tot =n F +n B =N D ). The fundamental difference between the ballistic current and the current with scattering comes from the possibility for electrons flowing over the source-to-drain potential barrier to interact with a phonon and to be reflected back to the source. This effect reduces the current magnitude, but it is no more important if it occurs after a distance l measured from the top of the potential barrier and called critical length for backscattering 65 . After this distance an electron interacting with a phonon has a very low probability to flow back to the source contact.
At V gs =0.1 V, the ballistic current (I ballistic ) exceeds the current with scattering (I scattering ) by a factor of 1.86 for a NW diameter with d=2 nm, 1.52 for d=2.5 nm, and 1.35 for d=3
nm. At V gs =0.5 V the difference between the two currents increases to 1.98 (d=2 nm), 2.0 (d=2.5 nm), and 1.63 (d=3 nm). The fact that electron-phonon plays a more important role in NWs with a small diameter tends to confirm the observation made in Ref. 10 .
The behavior of the electrostatic potential in the unrealistic ballistic transport regime is the main reason behind the current increase close to the transistor ON-state (V ds =V gs =0.6 V). The lowering of the source-to-drain potential barrier, as observed in Fig. 8 at V gs =0.5 V, reduces the amount of reflected electrons n B to almost 0. To maintain charge neutrality in the source contact, the number of injected electrons n F is artificially increased to the value of the donor concentration N D by pushing down the conduction band edge, but the total number of electrons in the source n tot =n F +n B remains the same and is equal to N D as illustrated in Fig. 9 .
Since the ballistic current is directly proportional to the number of injected electrons at the source, it increases with n F . When electron-phonon is switched on, some of the electrons injected at the source contact are reflected back when they absorb or emit a phonon so that n B does not completely vanish. It remains smaller than n F , but the conduction band edge does not need to move down as deep as in the ballistic simulations. The conjunction of the backscattering effect and of the conduction band shift explains the larger difference between the ballistic and scattering currents at high V gs .
To determine the ballisticity B=I scattering /I ballistic of the Si nanowire FETs, the effect of the artificial lowering of the conduction band edge must be removed from I ballistic . This is achieved by recalculating the ballistic current using the electrostatic potential obtained in the presence of electron-phonon scattering. Then, the only difference between I ballistic and I scattering arises from the backscattering mechanism 65 and not from unphysical artifacts. In doing so, at V gs =0.5 V, I ballistic becomes larger than I scattering by a factor of 2.0 for the NW with d=2 nm, 1.56 for d=2.5 nm, and 1.42 for d=3 nm, which is comparable to the results obtained at V gs =0. For gate voltage V gs beyond 0.5 V, (0.6 V for the nanowire with d=2 nm), the Poisson equation does not converge anymore in the ballistic simulations. The mechanism that pushes down the conduction band, as explained above, becomes very sensitive to a small variation of the electrostatic potential which in turn starts to oscillate in the source extension region.
The inclusion of dissipative scattering resolves this issue. At high V gs , the transistor acts as a resistor, the electrostatic potential drops in the source and drain regions, as seen in to converge. Figure 10 shows the ballistic and scattering currents at V gs =0.5 V and V ds =0.6 V as function of the position and energy in the NW FET with d=2.5 nm. The ballistic current is conserved for each injection energy E, as expected, while the current with electron-phonon scattering follows the contour of the electrostatic potential, it flows at higher energy in the source than in the drain region due to phonon emission, and only the sum of the current contributions from all the energies is conserved. Current conservation in the presence of electron-phonon scattering is demonstrated in Fig. 11 .
The ON-current (I d at V gs =V ds =0.6 V) of the NW FET with d=2.5 nm is given in Fig. 12 .
The potential drop in the source region is larger than at V gs =0.5 V in Fig. 10 and regions with a high current concentration (indicated by black arrows) separated by regions with a lower current concentration become visible. The energy separation between these regions is about 15-16 meV, corresponding to one of the peaks of the phonon density-of-states shown in Fig. 2 . The phonon DOS is larger at 58-59 meV than at 15-16 meV, but since the electron-phonon coupling factor V ij nlln (ω P H ) in Eq. 14 is inversely proportional to the phonon frequency ω P H , the strength of the electron-phonon interaction at E=15-16 meV is almost 4 times larger than at 58-59 meV. This explains the energy separation of the regions with a high current concentration. containing the energies E ± ω P H . After all the CPUs have sent their data, they can at any time receive the matrices G ≷ (E ∓ ω P H ) they need to evaluate Eq. 14 for the N E,local energy points they take care of.
2. once that each CPU has solved Eq. 14, Eq. 1 to 4 can be computed in an almost embarrassingly parallel way, with limited interprocessor communication, as described in Ref. 40 .
For a typical energy grid of N E =1,500-2,000 energy points, a total number of 750 to 1,000 CPUs can be used per simulation, assuming that Eq. 1 to 4 are treated on a single core using a recursive Green's function (RGF) approach 64 . However, the RGF algorithm can be slightly modified to efficiently parallelize on 2 CPUs. In its standard form Hence, a total of 3,000 to 4,000 CPUs can be used per bias point for an energy grid of N E =1,500 to 2,000 energy points. The scaling performance of our approach for N E =1,571 points is demonstrated in Fig. 13 . It is shown that the simulation time for one Born iteration (solution of Eq. 1 to 4 and Eq.14 for all the energy points) in a nanowire with a diameter of 2 nm decreases almost ideally from 28 to 3,200 cores on a CRAY XT4 machine 69 . The number of CPUs per energy point is set to 4 (domain decomposition and separation of G < nn (E) and G > nn (E)) for all the timing experiments reported in Fig. 13 . This means that 7 energy points are simultaneously treated when the total number of CPUs is equal to 28 and 800 when the total number of CPUs is 3,200. Furthermore, several bias points can be simulated at the same time in a embarrassingly parallel way. In this paper, a maximum a 2 bias points has been simultaneously treated, leading to a total number of 6,400 cores per simulation. for the solution of Eq. 1 to 4 and Eq. 14 for all the energies E on 28 to 3,200 cores. The test structure is a nanowire with n=2 nm and N E =1,571 energy points. Each energy point is treated by four CPUs. Typically, 20 to 50 Born iterations are required to obtain the device current.
